Variational wave functions have been a successful tool to investigate the properties of quantum spin liquids. Finding their parent Hamiltonians is of primary interest for the experimental simulation of these strongly correlated phases, and for gathering additional insights on their stability. In this work, we systematically reconstruct approximate spin-chain parent Hamiltonians for Jastrow-Gutzwiller wave functions, which share several features with quantum spin liquid wave-functions in two dimensions. Firstly, we determine the different phases encoded in the parameter space through their correlation functions and entanglement content. Secondly, we apply a recently proposed entanglement-guided method to reconstruct parent Hamiltonians to these states, which constrains the search to operators describing relativistic low-energy field theories -as expected for deconfined phases of gauge theories relevant to quantum spin liquids. The quality of the results is discussed using different quantities and comparing to exactly known parent Hamiltonians at specific points in parameter space. Our findings provide guiding principles for experimental Hamiltonian engineering of this class of states.
Introduction
Variational wave functions play a key role in the understanding of quantum phases of matter [1] [2] [3] [4] [5] [6] [7] [8] . A paradigmatic example is Laughlin wave functions [5] , which can be formulated as parametric Jastrow states reproducing several key features of certain fractional quantum Hall effects [9] . Shortly after this, resonating valence bond (RVB) states have been employed as effective descriptions of high-temperature superconductors [6, 7, 10] , and later on, have been linked to fractional quantum Hall physics in Ref. [8] . These early successes boosted variational wave functions as theoretical tools to provide simple pictures for a variety of quantum phases, including topological matter, low-dimensional systems, and tensor networks [11] [12] [13] [14] [15] . Perhaps, among these applications, one of the most fruitful has been in the field of quantum spin liquids [16] [17] [18] . These are quantum phases characterized by strong correlations and longrange entanglement among arbitrary far subregions of the system [19] , and for these reasons, semi-classical pictures fail in describing the phenomena involved. Variational wave functions have been used to distill generic properties such as correlation functions and entanglement [14] .
Interestingly, despite the conceptual simplicity of Jastrow wave-functions, it is often challenging to find the corresponding parent Hamiltonians -that is, the Hamiltonians supporting these wave functions as ground states. The major obstruction is that, given a Hamiltonian on a lattice (possibly with frustration terms), quantum fluctuations may cooperate and induce an ordered ground state. This phenomenon is typically referred to as "order-by-disorder" [13] . This problem is of primary importance also due to the latest experimental breakthrough in quantum engineering of synthetic systems [20] [21] [22] [23] [24] . In fact, the high degree of interaction tunability of these platforms offers new perspectives and possibilities in otherwise hardly achievable phases of matter, including spin liquids, once parent Hamiltonians are (approximately) identified.
Most of the works in parent Hamiltonian construction worked out specific variational states using insightful analytic manipulations [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Very recently, a series of novel techniques based on systematic approaches have been considered in Ref. [41] [42] [43] [44] [45] . Indeed, the authors of the latter works introduced new efficient computational algorithms, which remarkably scale polynomially in the system size when restricting the search to local Hamiltonians that have a given initial state as the input eigenstate. To benchmark their techniques, they considered the ground state of some a priori known Hamiltonian as input and checked if the output reconstructed operator coincided with that Hamiltonian. So far, however, there have been no applications of such methods to generic spin liquid variational wave functions, whose parent Hamiltonians are still undetermined.
The present work is the first step in this direction. For concreteness, here we study the class of 1D Jastrow-Gutzwiller variational wave functions [26, 46] . These states share two key features with their two-dimensional cousins employed as effective descriptions of quantum spin liquids: they describe extensive superpositions over some (spatially local) state basis, and they have in general as weights analytic functions of the space coordinates. Despite their common appearance, their parent Hamiltonians are not known except for a few fine-tuned cases, amenable to exact solutions. We use an entanglement-guided algorithm presented in Ref. [45] to search local parent Hamiltonians for these states. This method relies on the Bisognano Wichmann theorem [47, 48] , a quantum field theory result that links systematically the local Hamiltonian density to its ground state reduced density matrix. Its advantage with respect to the other above-mentioned techniques resides in certifying the input state as the ground state of the reconstructed parent Hamiltonian. Indeed, although the methods in Ref. [41] [42] [43] [44] 49] are of broader applicability (for instance, they allow for extensions to timedependent problems), they typically certify the ansatz state to be a generic eigenstate, and not the ground state, of the output operator. The main disadvantage is that the method is not applicable in case the wave-function cannot be cast as the ground state of Hamiltonian operator supporting low-energy relativistic excitations.
Since the Bisognano-Wichmann technique requires the input state to exhibits relativistic low lying physics, we first investigate the entanglement and correlation properties of these wave functions, identifying a region where the algorithm is expected to perform better. In this regime, we obtain local approximate parent Hamiltonian searching through different algebras of local operators. To check our results, we computed the relative entropy, the correlation functions and the overlap between their ground state and the Jastrow-Gutzwiller wave functions, obtaining fidelities ranging between 95% to over 99%. We perform systematic searches by increasing both system sizes and interaction range. These results suggest that the exact, yet unknown, parent Hamiltonians of these states exhibit long-range features.
In addition, the method allows us to perform direct parent Hamiltonian searches utilizing simple long-range interactions in the form of monotonous power-law potentials. We find that, while considerably improving the parent Hamiltonian search, such simple long-range interactions are not always sufficiently rich to capture the (unapparent) complexity of Jastrow-Gutzwiller wave functions. These results indicate that the search for exact -albeit long-ranged -parent Hamiltonians for 2D Jastrow-Gutzwiller might be particularly challenging, a fact which is compatible with the scarcity of exact results in this context (with some notable exceptions, see Ref. [25, 36] ).
The remaining of this paper is structured as follows. In Section 2 we introduce the Jastrow-Gutzwiller states and discuss their physical content through correlation functions and entanglement entropy. In Section 3 we summarise the Bisognano-Wichmann Ansatz method which we employ in Section 4 to reconstruct various parent Hamiltonians for the above-considered states. The last section is for conclusions and outlooks.
2 Jastrow-Gutzwiller wave functions
Model wave functions
The Jastrow-Gutzwiller (JG) wave functions are paradigmatic states appearing in several contexts, from integrability to topology (Laughlin) to quantum spin liquids. They are characterized by an extensive superposition of spatially local states, and local weights of the wave functions are captured by polynomials. Throughout this paper, we investigate the one-dimensional case defined on a periodic chain Λ of length L. This setting permits the understanding of finite-volume effects in a systematic manner, as well as enables comparison to exact results.
Let us introduce the wave functions of interest, through the variables n i ∈ {0, 1} defined at each site i ∈ Λ. In the basis {|n 1 n 2 . . . n L }, these states read:
Here the sum is over combinations P N {n} constrained by i n i = N . Pictorially, the {n i } variables are occupation numbers of hard-core bosons living on the lattice. The real parameter α and the filling fraction ν = N/L control the properties of the states. For specific combined values of ν and α, conformal field theory calculations have been used to derive exact results pertaining the parent Hamiltonians of these states [38-40, 50, 51] . Throughout this paper, we will consider exclusively the half-filling case ν = 1/2 and L even; the main motivation being that, in spin language, this regime captures both paramagnetic and antiferromagnetic phenomenology. Within this setting, exact results are available only for α ∈ {0, 1, 2}. In Ref. [52] , it was proven that α = 0 corresponds to the XXZ chain at ∆ = −1, while the state at α = 2 is the ground state of the Haldane-Shastry Hamiltonian [26, 27] . The case α = 1 corresponds to a (symmetrized) Slater determinant, and its parent Hamiltonian is a free fermionic one (up to boundary contributions).
To obtain insights on these wave functions, we rewrite the weights in eq. (1) as:
In the last equality, we defined the function H α [{n}]:
The functional coefficient E 0 [{n}] is an energy constant, while V (i, j) is a logarithmic interaction between occupied particles mediated by chord distances. Thus, we recognize H α [{n}] to be a 2D Coulomb gas (classical) Hamiltonian constrained in a 1D circular lattice [50] . Analogously, the wave function normalization Z is a classical partition function:
The parameter α plays the role of temperature and controls the leading weights in the JG states. At negative α, due to a change in the overall exponent in eq. (3), the dominant coefficients are those maximizing the number of occupied nearest neighboring sites. Instead, at large positive α, the system favors repulsion among particles, constrained by the half-filling condition. The leading contributions in eq. (3) come from alternating occupation numbers. Consequently, in these two regimes, the JG states are effectively captured by ferromagnetic and antiferromagnetic Greenberger-Horne-Zeilinger (GHZ) states, respectively [53] :
The latter one is usually dubbed Néel/anti-Néel state (corresponding to a global Schrödinger cat state). At intermediate values of α, the system exhibits competing weights, rendering analytical arguments demanding if not impossible, apart from the soluble points discussed above. In the following, we thus resort to the numerical computation of the entanglement entropy and the correlation functions over different values of α. We focus on these properties among others because they serve in the reconstruction technique and its quality checks. We confirm the GHZ regimes and we identify a region where the state behaves as critical.
Entanglement entropy of the Jastrow-Gutzwiller wave functions
In this subsection, we discuss the entanglement entropy properties JG states (for related studies of Renyi entropies in 2D, see Ref. [14] ). Entanglement is a fundamental property of states, measuring quantum correlations among subregions of the system [54] [55] [56] [57] [58] [59] . For pure states, this is determined by is the spectrum of the reduced density matrix [60, 61] . This operator is defined by giving a bipartition of the chain Λ = A ∪Ā and a state |Φ :
Given its spectrum σ(ρ A ), we define the von Neumann entropy by:
This function is a bona fide measure of entanglement for pure states when the Hilbert space factorises in a tensor product form, H = H A ⊗ HĀ, and for this reason is usually referred to as entanglement entropy [62, 63] . Fixing A = {1, 2, . . . , L/2}, we compute through exact diagonalization (ED) the von Neumann entropy for the state Eq. (1). We check the GHZ limits by comparing with the analytic calculations for the states in Eq. (8): Here ρ JG is the half-system reduced density matrix of the JG state. The results in green line are obtained through ED using symmetry restrictions. The red lines are the ferromagnetic GHZ predictions for the corresponding system sizes, while the black one is the Néel/anti-Néel cat state entanglement entropy.
The agreement is shown in Fig. 1 . We isolate an intermediate region between the GHZ regimes by introducing the function:
We plot this function in Fig. 2 . We observe an intermediate behaviour in whichS vN is logarithmic. This is consistent with exact solutions, where the systems display a critical regime. For instance, at α = 1 the system is a linear combination of Slater determinant. At this point the JG state correspond to a free fermion gas and the entanglement entropy can be computed analytically [64, 65] :
Here c is the central charge (c = 1 for free fermions) and the sub-leading term is a constant. The same scaling holds at α = 2, since the Haldane-Shastry Hamiltonian share the same universality class of the Heisenberg antiferromagnet [26, 52] . By continuity, we argue the same critical behavior extends to the whole intermediate region. Since the latter is of interest for the subsequent analysis, we estimate its bounding transition points. From Fig. 2 is clear that there is a transition in parameter space at α = 0. We estimate the other transition point to be α c 4.38. However, it is important to remark that this estimate, although reasonable, is obtained using finite-size scaling theory on wave functions and not on observables properties (see Sec. B). Thus, being inherently phenomenological, we shall be more conservative and consider a smaller subregion for the reconstruction (Sec. 4).
A concluding remark, which will be useful in Section 4 when discussing the reconstruction results, is about the α = 0 point. At this parameter value, the JG state is in a equal-weight combinatorial superposition, and the exact entanglement entropy can be computed [66] :
We see that the pre-factor is different from the one in eq. (13), signal that the state is not representative of the same phase. One can see this by investigating the properties of the exact parent Hamiltonian at α = 0: the XXZ chain at the ferromagnetic transition [52, 66] . This Hamiltonian has a gapless quadratic spectrum, thus it breaks relativistic invariance due to a different dynamical exponent z = 2 1 . This observation will be important when trying to reconstruct local Hamiltonians using a relativistic ansatz. Indeed, as we shall comment in Section 4, for α = 0 the algorithm will not be able to return a correct parent Hamiltonian, as expected.
Correlation functions
To further characterise and resolve the Jastrow-Gutzwiller states, we compute one-body and two-body spin correlation functions{σ z , σ + , σ − }. Due to the binary nature of the n i variables, for notational convenience we introduce the unary-not operator F ij acting on the site i, j, whose action on basis state is defined by logical negation on n i and n j . . We considered chains of lengths 4 ≤ L ≤ 28. The oscillations are due to L/2 being odd or even, and are suppressed at the thermodynamic limit.
Since the system exhibits a U (1) symmetry related to number conservation, we compute only U (1) invariant correlation functions. Recalling σ z = 2n − 1 with n the number operator we have:
At half-filling the first one is identically zero. The latter ones can be easily implemented numerically. The correlation length can be extrapolated through finite size scaling of the connected correlation function σ z i σ z i+L/2 c :
Here a is a constant, while γ characterise the algebraic decay. In all the above equations, we exploited periodic boundary conditions. If ξ is finite, the exponential behaviour dominates on the algebraic one and the system is gapped, while if ξ → ∞ the system behaves critically. In Fig. 3 , we show the results of our fitting procedure, plotting the inverse correlation length versus 1/L. For the chain lengths considered, the thermodynamic limit is difficult to estimate since at finite size the inverse correlation length 1/ξ L can be trusted upon the value 1/L. However, all values α < 4.0 are compatible with an infinite correlation length. We remark that the above definition can be cautiously considered also for GHZ states, whose correlation functions can be easily computed analytically (see Appendix A for details). In these cases, the resulting inverse correlation length is zero, as expected by the fact that GHZ states are maximally entangled many-body states.
Entanglement guided search for parent Hamiltonians
In this section we summarize the scheme we employ to reconstruct parent Hamiltonians [45] . The method is based on the Bisognano Wichmann (BW) theorem, which for convenience we recap in the first subsection. Then, we introduce the common ingredients shared with other techniques [41-43, 45, 49] . We end by presenting an overview of the Bisognano-Wichmann Ansatz (BWA) algorithm.
Bisognano-Wichmann theorem and lattice models
By definition, reduced density matrices are positive operators with bounded spectrum σ(ρ A ) ⊂ [0, 1]. Consequently, it is always possible to find a lower bounded operator K A such that ρ A ∼ exp(−K A ). This object is usually referred to as entanglement or modular Hamiltonian, and in general is highly non-local, being the logarithm of the non-local operator ρ A .
Remarkably, Bisognano and Wichmann proved that the entanglement Hamiltonian acquire a local density when considering the ground state of a relativistic quantum field theory partitioned into two half-spaces [47, 48, 63, 67] . Moreover, the density of this modular operator is proportional to the one of the theory Hamiltonian. The statement is the following.
Theorem (Bisognano Wichmann) Given a local relativistic QFT in d + 1 spacetime dimensions, described by an Hamiltonian H = d d xH(x) the half-space reduced density matrix of the vacuum |Ω is:
Here A and B are respectively the manifolds A = {x ∈ R d : x 1 ≥ 0} and its complementary, while v is the sound velocity of the relativistic excitations. Sometimes, the pre-factor β ≡ 2π/v is dubbed entanglement temperature due to the analogy with respect to thermal density matrices.
More recently, this result has been revisited in the context of holography and many-body physics [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] . In particular, the theorem has been extended for theories with conformal invariance [68, 70, 71] . Given the subsystem A = {x ∈ R d |0 ≤ r ≤ R, r = ||x||}, its entanglement Hamiltonian reads:
Interestingly, when considering lattice systems exhibiting relativistic low-lying excitations, the discretisation of eq. (18) and eq. (20) gives a fine approximation of their reduced density matrices [64, 78, [80] [81] [82] [83] [84] [85] , with even exact results for specific models [86, 87] . Moreover, the discrepancies due to the lattice structure disappear in the thermodynamic limit. This motivates the core idea behind the BWA method: to find optimal BW entanglement Hamiltonian describing the reduced density matrix of state of interest, in our case the Jastrow-Gutzwiller wave functions. For concreteness, in the remaining of this paper we make use of the discrete version of eq. (20) in 1D system of size L and A = {1, 2, . . . , L/2}:
Here r label the sites, h r is the lattice density of the Hamiltonian H, while K A the corresponding modular operator. Conventionally, we chose to absorb the entanglement temperature in the Hamiltonian density couplings h r .
Basis of local operators
To quantitatively describe the theory and entanglement Hamiltonians on the lattice we introduce the basis of local operators. As previously mentioned, these fully characterize the operator space of the parent Hamiltonian search. We say an operator is k-local if either (1) it has finite domain k nearby few body operators, or (2) it is written as a linear combination of the latter. Furthermore, we require k to be constant for any finite system size L we consider. If these conditions are not fulfilled, we say the operator is non-local.
We define a basis of k-local operators as the set of matrices {O µ,r } µ∈I,r∈Γ . Here I is a set of internal indices, while Γ ⊂ Λ is a set of sub-lattice ones. Depending on the values of I and Γ, these basis span different vector spaces of local operators, whose generic element is:
The dimension of these spaces is thus given by the combined cardinality of the label sets D = |I||Γ|. Before moving on, we clarify the above notation through few examples. Let us first consider the Pauli algebra at each site r ∈ Γ = Λ:
The generic linear combination is:
We see the total dimension is D = 4L in this case. A less trivial example is the two-body nearest neighboring interactions:
Here α covers, in addition to the elements in eq. (26), the following two-body operators at each site r:
The linear space has dimension D = 12L. Imposing symmetries one can reduce the dimension D of the operator space, in the same fashion symmetry constraints can be used to block diagonalize observables. For example, imposing U (1) and translational symmetry, a possible operator basis is the following:
Here, the index α takes three values (D = 3) and the Hamiltonian is:
In the second step of the above equation, we wrote the operators h α in terms of eq.(26). Thus, the freedom of choosing the operator basis enables us to specify the required symmetries of the parent Hamiltonian, and it allows a reduction of complexity (for translational invariant systems, D ∼ O(1) in system size). Motivated by the symmetries of the JG states, we will consider the following basis for k ≥ 2:
Varying the value of k we consider an increasing number of nearest-neighboring hopping and exchange operators. Finally, since the physics of the JG state at α = 2 is captured by a long range model, we shall consider the basis of non-local operators:
These basis are both U (1) and translationally invariant, thus exhibits coefficients w α not depending on lattice sites. In literature, non-translational invariant basis have been employed in the reconstruction of disorder system Hamiltonians [41, 44, 88] , or to enlarge the set of Hamiltonians having the input state as an eigenstate [42] .
Parent Hamiltonian reconstruction method
We are now in position to present the BWA scheme. Let ρ input A be the half-system reduced density matrix of the the input state. We want to find optimal coefficients w α in eq. (29) such that:
We guide this optimization problem by means of the relative entropy. Given two density operators ρ and σ, it is defined as:
This function quantifies the distance between between ρ and σ, it is non-negative S(ρ|σ) ≥ 0 (with the equality holding only if ρ = σ) and it is jointly convex. In particular, its restriction to a single argument is a convex function. For the class of models described by the basis in eq. (30) and eq. (31), it has been proven that finding optimal weights {w α } by minimizing the relative entropy is a convex problem, admitting, up to numerical precision, a unique solution [45] :
The relative entropy value express a "distance" in the reduced density matrix manifold, and quantify the difference between the initial wave function and the closer one fulfilling the BW theorem.
We implement a gradient descent on the relative entropy. Introducing the notation ∂ α = ∂/∂w α and:
the gradient of the relative entropy reads:
We remark that the actual input needed are just the expectation values over the ground state and over the "thermal" BW density matrix. The former can be sometimes computed analytically, as in the JG states (see Section. 2), while the latter can be implemented with different numerical methods, including quantum Monte Carlo when no sign problem is present.
Reconstruction of Jastrow-Gutzwiller parent Hamiltonians
In this section, we apply the entanglement based reconstruction technique to JG wave functions, considering different choices for the operator basis. We quantify the quality of the reconstruction utilizing (1) relative entropies between reduced density matrices, (2) wavefunction overlaps, and (3) correlation functions. In view of the previous discussion, we focus here on the regime 0 < α < 4; the regimes where the wave functions are captured by GHZ states are instead discussed in Appendix A.
Models for reconstruction
We consider two paradigmatic classes of operators as candidates for the parent Hamiltonian reconstruction. The first one are the k-local Hamiltonians constructed from the basis B N N (k) introduced in eq. (30):
These Hamiltonians for k ≤ 4 are archetypal for the study of strongly correlated matter in 1D and 2D, and have been used for ab initio numerical studies of quantum spin liquid phases in different lattices [46, 89] . We notice that these operators contains the XXZ and the J 1 − J 2 model as particular cases. The second class are long-range XXZ Hamiltonians constructed from the basis B LR in eq. (31):
The reason in the latter choice is twofold: on one hand J 1 = ∆ 1 is the Haldane-Shastry Hamiltonian, the exact parent Hamiltonian at α = 2. On the other hand, in Ref. [50] Shastry conjectured that α = 2 is the ground state of eq. (38) . We remark that the parent Hamiltonian is defined up to an overall multiplicative constant which sets the energy scales, and an additive zero energy value. Thus, without loss of generality, we factor out the J 1 term and we are interested in the values {w/J 1 }.
Numerical implementation
We search parent Hamiltonians of the above form through the BWA technique. The implementation is based on exact diagonalization (ED) routines in Fortran, using standard libraries and LAPACK [90] . We performed gradient descents with various threshold error th = 10 −3 −10 −6 . In the considered region, we observed no qualitative change in the observable behavior, although a smaller threshold error requires more steps in the gradient descent convergence. For convenience, we present the results only for th = 10 −4 . At this value, the observables are determined with a precision of around 0.1. The initial value of the couplings is drawn by a uniform random distribution [−2, 2]. Here the spreading plays a minimal role: since the optimal solution is unique (see Section 3), the only ambiguity is numerical and due to the truncation to th . The resulting uncertainty is Figure 5 : Relative entropy of the JG reduced density matrix and the BW converged one. We see that enlarging the domain of the operator involved, the quality of the results increases. The line α = 1 corresponds to a free fermions gas.
in the last sensible digit of the relative entropy and of the other observables, which we lift through averaging over 50 initial configurations. As argued in Sec. 2, in the thermodynamic limit the system should exhibit a critical regime in the region α ∈ [0, 4.38]. However, for the modest values considered L ∈ 4, 6, . . . , 20, we chose to focus on the subregion α ∈ [0, 4], where finite-size effects are less severe.
Diagnostics for reconstruction
Let us introduce the observables we use to access the quality of the parent Hamiltonian reconstruction. Firstly, we evaluate the relative entropy S(ρ jas |ρ BW ) between the converged BW reduced density matrix ρ BW and the exact JG one ρ jas . Since this function is a "distance" in the density matrix space, it quantifies how much the BW density matrix approximates the input state.
We then introduce the module of the overlap | ψ jas |ψ rec | between the JG wave function |ψ jas and the ground state of the reconstructed Hamiltonian:
We stress that this quantity is meaningful only for finite size systems, since it decays to zero in the thermodynamic limit, for any arbitrary small difference between two vector states (in analogy with orthogonality catastrophe [91] ). Finally, we compute the following quantity, a cumulative estimate of how much the corre-lation functions over the reconstructed state differ from the exact ones:
Here the first term is the correlation function respectively on the ground state of the reconstructed parent Hamiltonian and on the JG state eq (15) . The 1/ (L) factor renders this object non-extensive, which is desirable when comparing different system sizes. For convenience, we call this operator the cumulative correlation difference. Equipped with these tools, in the following subsections we separately present the analysis for the previously introduced basis eq. (37) and eq. (38). On the former, we first discuss overlaps and relative entropies for different basis choices, and finally discuss correlation functions. On the latter, we focus the analysis only on the relative entropy.
Reconstruction with N N (k)
We begin by considering the models in eq. (37) for k = 2, 3, 4. If a p-local Hamiltonian exists, we expect the terms k > p to be finite size terms and to decay to zero enlarging the system size. We anticipate that our result suggests that an exact local parent Hamiltonian exists only for α = 1 (see, e.g., the scaling of the overlap depicted in Fig. 6 ), which corresponds to free fermions 2-local Hamiltonian. At different values of α, the reconstruction is only approximate, although it improves considerably increasing the basis N N (k). We deduce that the exact parent Hamiltonian should involve long-range interactions. Search for nearest-neighbor Hamiltonians. -Let us first restrict the easiest setting, that is choosing the N N (2) basis. In this case, the Hamiltonian eq. (37) corresponds to the XXZ model. The value of interest is ∆ 1 /J 1 . When this is zero, the model reduces to the XX chain, which is a free fermion model up to a Jordan Wigner transformation. Moreover, it is interesting to compare our results with those of Ref. [52] . There, the authors considered the inverse variational problem, optimizing the parameter α with respect to the fixed ratio of ∆ 1 /J 1 . They argue that for α ∈ [0, 2] the wave functions are representatives of the critical phase ∆ 1 /J 1 ∈ [−1, 1] characterizing the spin-1/2 XXZ chain. Our results are fully compatible with their findings and the analytic results ( Fig. 4) .
For larger values of α, our results still indicate a very clear convergence to the thermodynamic limit. Moreover, the extrapolated values ( Table 1 ) always indicate that ∆ 1 > J 1 in this regime: this is compatible with an antiferromagnetic state with a very large correlation length. This finding is highly non-trivial, as there is no guarantee that our method shall return the correct parent Hamiltonian even in the presence of strong finite-volume effects, that have to be expected in this regime since, in the XXZ model, the transition to an antiferromagnetic phase belongs to the Berezinskii-Kosterlitz-Thouless universality class.
Search beyond nearest-neighbor Hamiltonians. -It is important to test the stability of these findings both with respect to enlarging the basis, considering N N (k > 2), and to system size. We thus considered the reconstruction also N N (3) and N N (4), and studied the behavior of the couplings {w α /J 1 }. As shown in Fig. 5 and Fig. 6 , both the relative entropy and the overlap improve including higher-k terms. In addition, the magnitude of the couplings corresponding to the latter seems to increase with system size (see Fig. 7 ), suggesting that the exact Hamiltonians for the Jastrow-Gutzwiller states are long-ranged. An exception is the point α = 1, whose reconstructed Hamiltonian converges to the XX chain. As argued in Sec. 2, this is expected due to analytic arguments. Figure 7 : Ratios of the converged couplings ∆ 2 /J 1 and J 2 /J 1 versus inverse system size. We see that α = 1 is flowing toward the XY Hamiltonian (see also Fig. 4 ), while the other converged values are stationary in non-null values, suggesting long range 2-body physics for the JG states. Fig. 5 , NN(k) label the number of k-nearest neighbours operators we use. Interestingly, for only nearest neighbour interactions, the parent Hamiltonian is exact at α = 1, being the corresponding JG state just a free fermion gas. Enlarging the operator space, the overall superposition get better, while the α = 1 point feels finite size effects.
Ferromagnetic JG wave function. -Another particular point is α = 0. There, the corresponding JG wave function is the exact ground state of the ferromagnetic transition point XXZ. The BWA in principle should not work being this point described by a nonrelativistic field theory [66] . However, the converged coupling is flowing toward the correct ∆ 1 /J 1 = −1 enlarging the system size. Importantly, this result is strongly dependent on the basis chosen, and we see that it is unstable adding larger hopping terms (N N (3) and N N (4) ).
Here the modulus of the couplings corresponding to (k > 2)-local terms increases, signal that a relativistic exact parent Hamiltonian for this point, if it exists, it is strongly long-range.
Correlation functions. -Finally, we present in Fig. 9 the results for the cumulative correlation difference V (rec|jac). At fixed system size L, it slightly increases when including higher k-terms. This is counterintuitive, since we observe that a larger basis N N (k) leads to states that are more similar to the JG wave functions (see Fig. 5 and Fig. 6 ). With the present analysis, we are not able to fully characterize if this trend is due to finite size effects or it has a more systematic nature. A possible explanation would be hidden in the BWA algorithm: since it optimizes over the short-k correlations (see eq. (36)), the large distance correlators are less controlled and are subject to frustration effects. Within this interpretation, these discrepancies may suggest that longer range terms are required in the optimization to faithfully reconstruct an exact parent Hamiltonian.
Instead, at a fixed value of k, the cumulative correlation difference seems to saturate at some finite value. Being such an object deviation measure from a standard value (see eq. (40)), it roughly gives how much on percentage the correlation functions change at a fixed site. In the worse scenario of our results, this has a value of around 10%. One may compare our findings with the exact results of the Haldane-Shastry model and the antiferromagnetic Heisenberg chain [26, 27, 92] :
From the latter equations, we read the relative error of the nearest neighboring correlators and next-nearest neighboring ones, respectively of 2% and of 8%.
Combining the above reasonings, we state the reconstructed parent Hamiltonians are only approximate and the true parent Hamiltonians for the JG states require non-local terms. This further confirms our previous analysis. The exception is the point α = 1, where the cumulative correlation difference improves both with system size and by including larger N N (k).
Reconstruction with the long range model
We investigate the reconstruction when considering the model Hamiltonian eq. (38), limiting our discussion to the relative entropy detector (see Sec. 4.2). The couplings are reported in Fig. 4 , compared with the N N (k) cases. For the chain lengths considered, only at α = 2 the relative entropy shows a decreasing trend with system size (Fig. 10 ). This indeed corresponds to the exact Haldane-Shastry parent Hamiltonian. However, except at this fine-tuned point, the relative entropy grows with system size, suggesting the parent Hamiltonian eq. (38) is no the exact parent Hamiltonian for α = 0, and other more intricated terms must be added. The results show a decreasing relative entropy for α = 2, which suggests the algorithm is approaching thermodynamic convergence. Instead, even points close to this Haldane-Shastry point exhibits increasing entropy, and certifying only an approximate reconstruction.
Conclusion and outlooks
In this work, we reconstructed approximate parent Hamiltonian for one-dimensional Jastrow-Gutzwiller wave functions. We identified a region in parameter space where the JG wave functions display critical properties. Outside this interval, they are effectively described by Schrödinger cat states. Most likely, they are representatives of symmetry broken phases and their parent Hamiltonian is classical and constrained by the half-filling condition on the states.
For the reconstruction technique, first we considered k-local Hamiltonians. We confirm the exact point α = 1 corresponding to free fermions, obtaining the XY Hamiltonian. At α = 0 the method fails to find local and relativistic parent Hamiltonians. This is due to a breakdown in the relativistic invariance of the wave function, whose exact parent Hamiltonian manifest gapless quadratic spectrum [52, 66] .
Our findings suggest the exact parent Hamiltonian for α = 1 should involve more complicated U(1)-invariant interactions, potentially with larger support. We checked the hypothesis of Shastry (Ref. [50] ) of considering long-range XXZ chains with square secant couplings. Up to the considered system size there is a slow trend toward larger relative entropy, thus suggesting the ansatz is likely to be insufficient. Nevertheless, finite-size results are of value for Hamiltonian engineering and quantum simulations. Indeed, the BWA method provides inherently finite-size optimization and control on the basis chosen and on the quality of the outputs. In particular one can choose experimentally suitable operators in the basis, such as two-body operators. The fact that our technique is easily adaptable to include fully-longranged interactions may also be used in a different manner, that is, to certify and validate quantum simulators aimed at finding ground states of spin models including slowly-decaying power-law interactions, which are realized in both trapped ions [23] and Rydberg atom experiments [21, 93] .
It is of primary interest to apply similar techniques and considerations to two-dimensional wave functions, such as Laughlin wave functions. In fact, being the only computational demanding part of the algorithm the calculation of the ground state and and the Bisognano-Wichmann expectation values, in principle one can tackle also higher dimensions by using Monte Carlo techniques. From the quantum engineering viewpoint, another intriguing perspective is to search for Liouvillians that have JG wave functions as unique steady states [94, 95] . In particular, dissipation may considerably soften the requirement for longrange couplings thanks to correlations induced by the bath.
A Correlation functions and parent Hamiltonian for the GHZ regimes
We argued that the JG states at α < 0 and α >> 1 corresponds to ferromagnetic and antiferromagnetic cat states. A first check is given by means of entanglement entropy (see Fig 1 in Section 2). Given the simple form of these GHZ states eq. (8), we can compute their analytic correlation functions:
In Fig. 11 we check the agreement between the above equations and the numeric correlation functions computed on the exact JG states. Our results suggest the state is in a symmetry broken phase [19] . Intuitively, we can guess classical parent Hamiltonians having these states as the ground state. For example, a ferro/antiferro-magnetic Ising model with the constraint of having zero magnetization. In practice, one can represent these states as MPS and use well-known results [11, 19] to reconstruct local parent Hamiltonians. Figure 11 : Difference between numerical correlation functions computed on the JG states and the analytic formulae eq. (42). The different system sizes show a scaling to zero, confirming the correctness of the GHZ limit.
B Finite-size scaling
We perform finite-size scaling on our data to estimate the critical value α c , characterizing the JG wave function, over which the system behaves as a Néel ordered state. For convenience we useS, defined in eq. (12), and consider the following scaling function:
f (x; a, b) = a arctan(x) + b.
Here a, b are fitting parameters, while x = α − α c . In Fig. 12 we show the collapse around the estimated critical α c 4.38. 
